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Abstract 

Let (M, g) be a noncompact complete n-manifold with harmonic curvature and 
positive Sobolev constant. Assume that L2 norms of Weyl curvature and traceless 
Ricci curvature are finite. We prove that (M, g) is Einstein if n > 5 and L n / 2 norms 
of Weyl curvature and traceless Ricci curvature are small enough. 

1 Introduction 

One of the important problems in Riemannian geometry is to understand metrics near 
the Einstein space or the constant curvature space. The metric with harmonic curvature 
is a natural candidate for this study. Since the curvature tensor is decomposed into 
orthogonal parts, we compare this metric with the Einstein metric and the constant 
curvature space, when Weyl curvature and traceless Ricci curvature are small in L n /2 
sense. By this comparison, we obtain some L n / 2 -type rigidity of noncompact complete 
metrics with harmonic curvature in Theorem [THU 

A Riemannian n-manifold (M, g) is a manifold with harmonic curvature if the diver- 
gence of curvature tensor Riem vanishes, i.e., 

= (5Riem) jk i = VRiju, (1) 
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which is equivalent to 



= VkRji — ViRjk- 



(2) 



By the Bianchi identity, scalar curvature is constant for n > 3. An important example of 
metrics with harmonic curvature is the Einstein space. The parallel Ricci curvature space 
is another example of the manifold with harmonic curvature, but the converse does not 
hold (see Derdzinski [5]). In the space of connections, the Yang- Mills connection corre- 
sponds to a metric with harmonic curvature (see Bourguignon[6]). Important properties of 
the manifold with harmonic curvature were surveyed by Besse [3] . Einstein manifolds and 
manifolds with harmonic curvature share many important properties. A natural question 
is when a manifold of harmonic curvature must be Einstein or flat. Hebey and Vaugon 
proved L n /2-type rigidity for compact manifolds with harmonic curvature and positive 
scalar curvature [7]. In this paper, we provide some rigidity properties for noncompact 
complete manifold with harmonic curvature. For the rigidity proof, we use an elliptic 
estimation for the Laplacian of curvature tensors. 

2 Manifolds with harmonic curvature 

Let (M, g) be a noncompact complete Riemannian manifold of dimension n > 3 with 
scalar curvature R. The Sobolev constant Q(M,g) is defined by 



There are noncompact complete Riemannian manifolds of negative scalar curvature with 
positive Sobolev constant. For example, any simply connected locally conformally flat 
manifold has positive Sobolev constant [12]. Contrary to noncompact case, the Sobolev 
constant of a given compact manifold is determined by the sign of scalar curvature (see 
[1]). It is also known that Q(M,g) > if a noncompact complete manifold (M,g) has 
zero scalar curvature p[J. In this paper, we show that the rigidity of noncompact complete 
manifolds with harmonic curvature holds not only for nonnegative scalar curvature metrics 
but also for negative scalar curvature metrics with positive Sobolev constant and the 
dimension n > 5. 

Let Eij be the traceless Ricci tensor, i.e., = Rij — jRg%j, \E\ = W the Weyl 



Q(M,g) 
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curvature. In this paper, we use c and d to denote some positive constant, which can be 
varied. 



Theorem 1 Let (M, g) be a noncompact complete Riemannian n-manifold with harmonic 
curvature and Q(M,g) > 0. Assume that J M \W\ 2 + \E\ 2 dV g is finite, and (A) or (B) 
holds: 

(A) Scalar curvature R > 0. 

(B) Scalar curvature R < and n > 5. 

Then there exists a small number cq such that if J M \W\ n ^ 2 + |i?| n//2 dV g < cq, then (M, g) 
is Einstein. 

Proof. We need to prove that \Eij\ = 0. To simplify notations, we will work in an 
orthonormal frame. The Laplacian of traceless Ricci tensor is; 

AEij = VkVkEij 

= V k ViE kj (3) 

VjVfc-£/fej ~\~ R k i km E m j -\- RkijmEkm (4) 
-RimE m j ^kijmJ^kmi (5) 

where (j2J) is used in (j3J) and V k E k j = is used in (JHJ). Since 



R 

Rkijm ^^kijm ~\~ 7 ~7\\9kj9im 9km9ij) 

n(n — 1) 

9kj — Ek m gij — Eijgkm) , (6) 



n-2 



Eij/SEij WkijmEkmEij ~\~ ^ , . ( ( UkjUim t-'km&ij 

2 ^^^j9im ^im9kj) Ef~ m Eij -\- Ri m E m jE^j (7) 



R 


n[ 


[n-l) 


'irn 


+ E im i 




R 


n[ 


[n-l) 




R 

, U 



n R 
W klim E km E in + —-—\E\ 2 + -trE 3 + -trE 2 



n — 2 n 
n 

(n-l) 1 " 1 'n-2 



W kijm E km E tJ + - -\E\ 2 + —^trE i . (9) 
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Note that 



^^kijmEkmEij ^ 

tr£ 3 < 



n-2 
2(n- 1) 
n-2 



l^li^l 2 , 
|£| 3 



(10) 
(11) 



and 



|V|£|| 2 < 



n 



n + 2 



(12) 



because £/y is a traceless Codazzi tensor (see [7j). Inequalities ffTU]) and (TTTT) are proved 
by Huisken [8J. From (ED), 



|£|A|£| = \VE\ 2 - \V\E\\ 2 + E^AEy 

> -ME\\ 2 - J^\\W\\E\ 2 
n y 2(n — 1) 



n — 1 



|£| 3 + 



i?|E| 2 
n — 1 



(13) 



where (fT0l - [T2|) is used in (TlBl) . Let u = Multiplying a smooth compact supported 
function (j) 2 to (fl3|) and integrating on M, for any positive constant e\, 



[ (-e 1 + 1 + 2/n)(j) 2 \Vu\ 2 - e^ l \uV<p\ 2 dV g 

J M 

< / (l + 2/n)<f) 2 \Vu\ 2 + 2<f)uV<f)- VudV g 



< 



M 



2{n - 1) 

Using (fl6j) . for any positive constant e 2 

n-2 



n— 2 2 In, 
\W\u 2 + «/ rM 



1? 



n — 1 



n — 1 



-u 



dV g . 



(14) 
(15) 

(16) 



J VM|2 + 4(n-l) 



Ru 2 (h 2 dV a 



n — 2 

< I (l + e 2 )0 2 |V M | 2 + (l + e 2 -V|V0| 2 + - -Ru 2 cj> 2 dV g 



< / Ci m 2 |V0| 2 + c 2j Rm 2 2 + A dVg, 



(17) 
(18) 
(19) 
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where 



Cl 

c 3 
A 



(1 + e 2 )(-ei + 1 + 2/n)- 1 ^ 1 + e^ 1 + 1, 

(in - 2)1 '4 - (1 + e 2 )(- £l + 1 + 2/n)- 1 )/(n - 1), 

(l + e 2 )(-e 1 + l + 2/n)- 1 , 



c 3 (< 



n 


- 2 


2(n 


-1) 



W\u 2 + 



n 



-u 



3\ j.2 



n 



(20) 
(21) 
(22) 

(23) 



Note that c 2 is positive when n > 5 and ej and e 2 are sufficiently small. For any n, c 2 
is negative when e% is sufficiently close to 1 + 2/n. Therefore we can choose e\ and e 2 so 
that c 2 is positive if n > 5 and i? < 0, and c 2 is negative if i? > for any given n, which 
makes the second term of (fT9|) non-positive. Using the Sobolev constant A = Q(M,g) 
and (USD, 



An 



^2„/(n-2) , 



n/(n-2) 



< / ci?i 2 |V0| 2 + A 



Ru 2 <b 2 dV n 



(24) 



Note that 



A £ZV fl 



< c 3 , 



n • 


- 2 


2(n 


-1) 



+c 3 



\2/n/n \ n/(n-2) 

W\ n/2 dV g ) / (M0) 2n/(n - 2) ^ 

2/n / p \ (n—2)/n 

u n / 2 dv n \ I I ( U( p) 2n /^dv g 



(25) 



n — 1 \jm / \JM 

Since j M \E\ n ^ 2 + \W\ n ' 2 dV g is sufficiently small, J M A dV g can be absorbed into left hand 
side of ( 124)) . Therefore, there exists a constant c' such that 

c'l / wn»-*)dv g ) < / m 2 u 2 dv g . 

\JM J JM 

Let B t = {x G M|d(x, £ ) < t} for some fixed x G M and choose as 



(26) 



on B t , 

on M — £ 2t , 



(27) 



|V0| < f on B 2t - B t , 



and < (j) < 1. From p| 




By taking t — > oo, we have u = since J M |.E| 2 <iV^ is finite. Therefore (M,g) is Einstein. 

Since there is no noncompact complete Einstein metric with positive scalar curva- 
ture, Theorem CD implies that there should be a lower bound for J M \W\ n ^ 2 + \E\ n ^ 2 dV g if 
J M \W\ 2 + \E\ 2 dV g is finite. 

Theorem 2 Let (M, g) be a noncompact complete Riemannian n-manifold with harmonic 
curvature and positive Sobolev constant. Assume that scalar curvature R is positive and 
Im l^| 2 + \E\ 2 dV g is finite. Then there exists a positive constant c such that J M \ W\ n ^ 2 + 
\E\ n / 2 dV g > c. 



Next we get a rigidity result without L 2 finiteness of Weyl curvature and traceless 
Ricci curvature. 

Theorem 3 Let (M, g) be a noncompact complete Riemannian n-manifold with harmonic 
curvature and Q(M,g) > 0. Assume that n > 4 and (A') or (B') holds: 

(A') Scalar curvature R > 0. 

(B') Scalar curvature R < and n > 6. 

Then there exists a small number cq such that if J M \W\ n ^ 2 + |i?|™/ 2 dV g < Cq, then (M, g) 
is Einstein. 

Proof. We need to prove that \Eij\ = 0. Let u = \E\. Multiplying a smooth compact 
supported function (p 2 u~ 2+n ^ 2 to (jTBl and integrating on M, for any positive constant ei, 

16(n/2 + 2/n- l-e^rT 2 I <p 2 \Vu n/i \ 2 dV g (29) 

JM 



< / er 1 hi"' /2 V0| 2 + 
hi 



!l -' 2 \W\u^ 2 



2n - 1) 



+ j-^u l+n / 2 - —yi 2 <?\ dv g (so) 

u n — 1 n — 1 
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Using ( 1301) . for any positive constant e 2 , 

[ |V(<M"/ 4 )| 2 + ^-^-Ru^dV 9 (31) 
Jm 4(n - 1) 

< / (1 + e 2 )0 2 |Vn"/ 4 | 2 + (1 + ^ V^IV^I 3 + -^—^■Ru n ' 2 ( j> 2 dV 9 (32) 

[ c' lU n/2 \V<j)\ 2 + c' 2 Ru n/2 (j) 2 + A' dV g} (33) 



where 



< 



c[ = (l + e 2 )n 2 [lQ(n/2 + 2/n-l-e 1 )]- 1 e^ 1 + e 2 1 + 1, (34) 
4 = ((n-2)/4-(l + e 2 )n 2 [16(n/2 + 2/n-l-e 1 )]- 1 )/(n-l), (35) 
4 = (l + e 2 )n 2 [16(n/2 + 2/n- l-d)]- 1 , (36) 



A ' - c =(V^) |H/| "" /2+ v^" 1+ " /2)02 - (37) 

Note that c' 2 is positive when n > 6 and ei and e 2 are sufficiently small. For any n, c' 2 is 
negative when ei is sufficiently close to— 1 + 2/n + n/2. Therefore we can choose ei and 
e 2 so that c' 2 is positive if n > 6 and i? < 0, and c 2 is negative if R > for any given n, 
which makes the second term of fl33l) non-positive. Using the Sobolev constant and fl33|) . 

Ao ( [ {4m^) 2n ^dvX' {n ^ < / \V(<j ) u^)\ 2 + -^-Ru n / 2 <f ) 2 dV 9 



< / c> n/2 |V0| 2 + A' dU s . 



(38) 



Note that 



A' dVg 

M 



n-2 



2/n / f \ n/(n~2) 

< c W^^y( / \W\ n ' 2 dV g ) ( I (u^f^n-2) dVg ) (39 ) 



M / \J M / 

2/n / r \ (n-2)/n 



Since J A/ |£|™ /2 + |W | n/ W 9 is sufficiently small, J M A dU 9 can be absorbed into left hand 
side of (13"8"1). Therefore, there exists a constant c' such that 



/ r \ (n-2)/n i~ 

/ (<j)u n/4 ) 2n/{n - 2) dV g ) < / \Vcf)\ 2 u n/2 dV g . (40) 

\Jm / Jm 



c 



Choosing a compact supported function similar to (1271) . we can easily show that u n ^ = 
on M. We conclude that (M, g) is a Einstein space. 

3 Rigidity of Einstein spaces 

In this section, we provide an L n / 2 -type rigidity for noncompact complete Einstein man- 
ifolds. Previously, this type of rigidity was proved for compact Einstein manifolds with 
positive scalar curvature pUl [HJ 0, [9] . Throughout this section (M,g) denotes a noncom- 
pact complete Einstein manifold of dimension n > 4. 

Theorem 4 Let (M,g) be a noncompact complete Einstein n-manifold with Q(M,g) > 
and finite J M \W\ 2 dV g . Assume that (M,g) satisfies (C) or (D): 

(C) (M, g) is Ricci-flat. 

(D) Scalar curvature R is negative and n > 8. 

Then there exists a small constant c such that if J M \W\ n ^ 2 dV g < c, then (M,g) is a 
constant curvature space. 

Proof. We need to prove that \W\ = 0. For an Einstein metric, the Laplacian of Weyl 
tensor is 

AWi iW = V t V t W ijkl (41) 

= -RW ijkl + W*W } (42) 
n 

where W *W denotes quadratic terms of Weyl tensor (see Singer [llj). Multiplying Wijki 
on (@2]), 

W ijkl AW ijkl = hi I W m \ 2 + W*W*W. (43) 

In above, W *W *W denotes cubic terms of Weyl tensor, which is bounded by c 4 |H^| 3 for 
a positive constant c 4 . Multiplying a smooth compact supported function <fi to (14"3"|) and 
integrating on M, 

[ (1 - e^lVW^dVg < [ --R 2 \W\ 2 <j? + c A <j) 2 \W\ 3 + -\V(j)\ 2 \W\ 2 dV g} (44) 

JM JM n e l 
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for any positive constant e\. The following refined Kato inequality was proved for Weyl 
tensor of the Einstein manifold, 

|V|iy|| 2 < — -|W| 2 , (45) 

when \W\ 7^ (see Bando et al. [2]). Let / = \W\. For any positive constant e 2 , 

|V(0/)| 2 < (l + I)| / V0| 2 + (l + e 2 )|0V/| 2 (46) 

^2 

1 n — 1 

< ( i + _)| /V 0| 2 + (l + e2 ) |0W| 2 . (47) 
e 2 n + 1 

From pip . 

re 

A ° {L m2n/in ~ 2)dv9 ) 2 - L mf)? !+ w^T) Rf2(t>2dV9 m 

< [ c.Rf^ + CelV^f + c^fdVg, (49) 

where 

_ 2(l + e 2 )(n-l) n-2 
5 n( n + i)(i_ Cl ) + 4(n-l)' 1 J 

_ t , (l + ea )(n-l) 

c 6 = l + e 2 +- — — — — , 51 

(n + 1)(1 - eijei 

(l + £2 )( n _l) 
(n + l)(l-e 1 ) 

Note that C5 is positive when n > 8 and ei and e 2 are sufficiently small. C5 is negative 
when ei is sufficiently close to 1 for any given n. Therefore we can choose €\ and e 2 so 
that C5 is positive when R < and n > 8, which makes the first term of p9l non-positive. 
The last term of (|49p is bounded by 

C7 

Since | M |PF| n / 2 dV; is sufficiently small, ([53]) can be absorbed into left hand side of (H81) . 
Therefore, there exists a constant c' such that 

/ /• \ (n-2)/n /• 

c AA/ (0/)2n/(n " 2) ^v - J M m2f2dv °- (54) 



/ /■ \ 2/n / /• \ n/(n-2) 

^> 2 / 3 ^ < c 7 / r^V, / (/0) 2n/( - 2) ^ • (53) 

Af VVM / VVAf / 



Choosing a compact supported function similar to (1271) . we can easily show that / = 
on M. We conclude that (M, g) is a constant curvature space. 

From Theorem [1] and Theorem HI 
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Theorem 5 Let (M, g) be a noncompact complete Riemannian n-manifold with harmonic 
curvature and Q(M, g) > 0. Assume that J M \W\ 2 +\E\ 2 dV g is finite, and (E) or (F) holds: 

(E) Scalar curvature R = 0. 

(F) Scalar curvature R is negative and n > 8. 

Then there exists a small number c such that if J M \W\ n ^ 2 + \E\ n l 2 dV g < c, then (M,g) 
is a constant curvature space. 

Remarks. The constants Cq and c in Theorem [T]l5l depend on the Sobolev constant. For 
the compact manifold, these constants depend only on the dimension of a given manifold, 
because of the fmiteness of volume [HI [7J [9]. The applicability of Theorem [Q15] to lower 
dimensional manifolds needs further study 
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